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Abstract

This paper describes the steady-state chemical performance of catalytic surfaces of similar constitution but of varied global curvature
exposed to two distinct chemical species which are allowed to adsorb, desorb, diffuse and react on the surface. The surface reactions are
modeled to include the presence of defect structures which exist due to lattice faults and/or foreign material on the surface. Flat, circular and
elliptical cylindrical surfaces are examined with similar desorption and reaction rates at the defect sites so as to evaluate the role of surface
curvature on the steady-state behavior of the surface species concentrations. The methodology described here is applicable to generally
curved surfaces referred to general curvilinear coordinates generated numerically to conform with the surface shapes. The continuum
reaction–diffusion models transformed to the general curvilinear coordinates are solved numerically by the line successive-over-relaxation
(SOR) method. Numerical results show that decreasing the surface curvature enhances the chemical process in the presence of surface
defects. © 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The subject of heterogeneous catalysis with chemical
reaction kinetics has been of much interest due to its ap-
plicability in space flight structures and in atomic reactors.
From a practical view point, almost all catalytic reactors
contain active surfaces which involve lattice faults and/or
foreign material on the surfaces. Though the problem is
essentially of molecular origin some very important results
can be obtained by performing an analysis from a contin-
uum view point. The continuum approach was applied by
Grinstein et al. [1] and we refer to their work for the defini-
tions of varied terms, the nondimensionalization1 scheme,
and to their results obtained for a flat catalytic surface.

In heterogeneous catalysis, the catalyst is commonly
found in the form of a porous grain, ranging from pow-
der size to large-sized particles. As the size of the catalyst
particle increases a point is reached at which the catalytic
reaction will produce products in the interior of the grain

∗ Corresponding author. Tel.:+1-662-325-7293.
E-mail address: warsi@ae.msstate.edu (Z.U.A. Warsi).

1 The scheme for nondimensionalization is the same as detailed in [1].
The only exception is thatξ and η of [1] are denoted asω and χ ,
respectively. All lengths have been nondimensionalized by using 1/

√
f1

as the length scale.

faster than diffusion can carry them away. As the particle
size is further enlarged, the catalytic reaction is confined
to the outer layers of the particle and the catalytic activity
becomes proportional to the external surface of the particle
[2]. In the manufacture of a catalyst pellet with curved sur-
faces, surface roughness is necessarily introduced through
surface dislocations, kinks and step defects in the lattice that
are required to form a curved surface. The heterogeneous
chemistry is greatly influenced by the geometrical structure
of the catalyst, which may have a vital effect on catalyst
selectivity and the surface defects like kinks, steps and ter-
races can influence the catalytic reaction significantly [3–6].

With surface irregularities or defects playing a major role
in influencing the catalytic activity of the external surface of
the manufactured catalyst particle we designed flat, elliptical
and circular surfaces with surface defects in accordance with
the method of Grinstein et al. [1]. The existence of surface
defects usually affects the adsorption and desorption rates of
the surface. The adsorption rates can be designed to vary in
the presence of surface defects by using nominal adsorption
intensitiesαi0 in the place of nominal desorption intensities
βi0 in Section 2.3 of this work. Letting the presence of the
surface defects modify the surface desorption rate only is
a sufficient condition to allow for the investigation of the
role surface curvature on a global scale plays in the catalytic
activity of the surface.
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Nomenclature

Dimensional variables
C thermal transfer rate coefficient of the

bulk medium
Di diffusion coefficient of chemical

species;Di0 exp�−EiD/kT�
E
(ι)
A activation energy for surface adsorption

for chemical species
E
(i)
D activation energy for surface diffusion

for chemical species
E
(i)
DS activation energy for surface desorption

for chemical species
E
(ι)
R activation energy for reaction on surface

fi inverse of length scale squared based
on chemical species;si0/(Dj0uj0)

H specific enthalpy of formation of the
reaction product

Ji surface incident mass flux of
chemical species

k Boltzmann constant
K reaction rate constant;

K0(η, ζ, ξ)exp�−ER/kT�
Li chemical loss rate of species
mi particle mass of chemical species
n surface outward unit normal vector
ni number density of chemical species
Qi chemical production rate of species
si surface incident adsorbed mass flux of

chemical species;µiJi; (si0 = µi0Ji)
T local temperature at the surface;T (η0, ζ, ξ)

T0 bulk temperature
ui surface concentration of chemical species
v fluid velocity vector
vdi diffusion velocity vector of chemical species
X, Y, Z rectangular Cartesian coordinates
Γi desorption rate constant of chemical

species;γi(η0, ζ, ξ)exp�−E(i)PS/kT�
i adsorption coefficient of chemical

species;µi0 exp�−E(i)A /kT�
Nondimensional variables
vi relative surface concentration of

chemical species;ui/ui0
x, y, z nondimensional rectangular

Cartesian coordinates
βi nondimensional desorption rate for

chemical species;ui0γi(η0, ζ, ξ)/si0
χ ratio of length scales squared;f2/f1
εR normalized activation energy for reaction

on the surface;ER/(kT0)

ε
(i)
A normalized activation energy for surface

adsorption for chemical species;E(i)A /(kT0)

ε
(i)
D normalized activation energy for surface

diffusion for chemical species;E(i)D /(kT0)

ε
(i)
DS normalized activation energy for surface

desorption for chemical species;E(i)DS/(kT0)

η0 surfaceη = η0 = const. on which the
general coordinates areζ , ξ

η, ζ , ξ general curvilinear coordinates
ϕ catalyst effectiveness factor
κi nondimensional reaction rate constant

for chemical species;K0(η0, ζ, ξ)uj0/
(Di0fi){(i, j) : (1,2), (2,1)}

τ nondimensional surface temperatureT/T0
ω nondimensional specific heat of formation;

Hu10u20K0(η0, ζ, ξ)/(CT0)

∆2 surface Beltramian; Eq. (A.7)
∇2 Laplacian

In this paper, we study the steady-state chemical perfor-
mance of active curved surfaces from a continuum point
of view, embedded in a three-dimensional Euclidean space.
As in [1], the active surface is exposed to two chemical
species which adsorb, desorb, diffuse and react on the sur-
face. The heterogeneous surface is modeled through the
inclusion of arbitrarily distributed surface defects. These
defects serve to locally enhance or diminish the processes
of adsorption, desorption, chemical reactivity and heat
transfer. In this regard, refer also to Serri et al. [7], and
Cukier [8].

The main aim of this paper is to investigate the role
of surface curvature on the steady-state chemical perfor-
mance of active catalytic surfaces with surface defects.
In addition to the calculations for flat surfaces as given
in [1], the surfaces of circular and elliptic cylinders are
considered with the same “random” defects. The analysis
technique of this paper is also applicable to surfaces of
arbitrary shapes because of the universal technique of nu-
merical coordinate generation as developed by Thompson
et al. [9], and Warsi [10]. The main idea here is to gener-
ate the coordinates in arbitrary surfaces through a system
of partial differential equations as reported in [10] and
then solve the transformed diffusion–reaction equations on
these coordinates. The resulting equations have been solved
numerically by the line successive-over-relaxation (SOR)
method.

To clearly see the effects of curvature on the products
of the physicochemical processes, the fluid velocity was set
to zero. Also for simplicity, it has been assumed that the
resultant product molecules of reaction desorb immediately
after their production. From the comparison of the results
discussed in Section 3, we see that in the presence of surface
defects the curvature of the catalytic surface enhances the
activity of reaction.
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2. Analysis

From an analytic continuum standpoint, surface kinetic
phenomenon is described by the continuity equations for the
species and the total energy equation. Referring to Oran and
Boris [11], the continuity equation of theith species is

∂ni

∂t
+ div(niv)+ div(nivdi) = Qi − Lini (1a)

whereni is the number density of theith species. Denoting
by mi the molecular or particle mass of theith species, the
equation for the concentrationui = nimi is obtained from
Eq. (1a) as

∂ui

∂t
+ div(uiv)+ div(uivdi) = Qimi − Liui (1b)

The total energy equation is

∂E

∂t
+ div(Ev)− div(T · v)+ div(q + qr)

= v ·
∑
i

mifi +
∑
i

vdimifr (2)

whereT is the Stokes’ stress tensor andfi the body force
vector per unit mass associated with theith species.

Sinceui is the concentration, the diffusion velocityvdi is
proportional to the gradient ofui . On dimensional consid-
eration, the relation betweenvdi andui is

uivdi = −Di gradui (3)

For steady-state and in the absence of fluid flow while using
Eq. (3) in Eq. (1b), the conservation equation simplifies to

div(Di gradui)+Qimi − Liui = 0 (4a)

or

Di∇2ui + (gradDi) · (gradui)+Qimi − Liui = 0 (4b)

Under the above stated conditions and also neglecting the
body force terms, the energy equation, Eq. (2), reduces to

div q = 0 (5)

At this stage, it must be noted that the Laplacian∇2 appear-
ing in Eq. (4b) is in general three-dimensional, i.e.

∇2 = ∂XX + ∂YY + ∂ZZ

whereX, Y, Z are the rectangular Cartesian coordinates.
The purpose of this paper is to compute the concentration

functions ui on a curved surface. As in [1], we take two
species so that the two equations from Eq. (4b) are

D1∇2u1 + (gradD1) · (gradu1)+Q1m1 − L1u1 = 0 (6)

D2∇2u2 + (gradD2) · (gradu2)+Q2m2 − L2u2 = 0 (7)

We now nondimensionalize Eqs. (6) and (7) by following the
scheme used by Grinstein et al. (refer to Nomenclature) but
for simplicity keep the same notation for the Laplacian and

the gradient operators. Thus, in Eqs. (6) and (7) replacing
∇2 by f1∇2 and grad by

√
f1 grad, we get

f1Di∇2ui + f1(gradDi) · (gradui)

= Liui −Qimi; i = 1,2

Using

vi = ui

ui0
, Di = Di0 exp

(
−ε(i)D

τ

)

we get

∇2vi = ε(i)D grad

(
1

τ

)
· gradvi

+ exp

⌊
ε
(i)
D

ε

⌋
(Liui0vi −Qimi)

f1ui0Di0
(8)

wherei = 1, 2. Transforming the Laplacian and the gradient
to general coordinatesξ , η, ζ (refer to Appendix A), taking
η as the normal coordinate on the surfaceη = η0 = const.,
and then evaluating each term of Eq. (8) on the surface, we
get the following two equations:

At η = η0

∆2v1 = ε(1)D grad

(
1

τ

)
· gradv1−

(
∂2v1

∂η2
+ 1

2G2

∂G2

∂η

∂v1

∂η

)

+ L1

f1D10
exp

[
ε
(1)
D

τ

]
v1 − Q1mi

f1u10D10
exp

[
ε
(1)
D

τ

]

(9)

∆2v2 = ε(2)D grad

(
1

τ

)
· gradv2−

(
∂2v2

∂η2
+ 1

2G2

∂G2

∂η

∂v2

∂η

)

+
(
L2

f1D20
v2 − χ Q2m2

f2D20u20

)
exp

[
ε
(2)
D

τ

]
(10)

where∆2 is the surface Beltramian as defined in (A.6) and
the expressions for∆2v1, ∆2v2 are as given in Eq. (A.7),
andχ = f2/f1. It must be noted that the second terms on
the right hand sides of Eqs. (9) and (10) are formed of the
normal derivatives ofv1 andv2 at the surface and they, in
general, are not zero. In the following, we have merged these
terms in the modeling of the terms on the right hand side to
coincide with the form of the equations as those given in [1].

2.1. Modeling

At the surfaceη = η0, we have modeled the terms to be
consistent from a physical standpoint as follows:

L1

f1D10
= κ1v2 exp

[−εR
τ

]
+ β1 exp

[
−ε(1)DS

τ

]
(11a)

L2

f1D20
= κ2v1 exp

[−εR
τ

]
+ χβ2 exp

[
−ε(2)DS

τ

]
(11b)
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Q1

f1u10D10
+
(
∂2v1

∂η2
+ 1

2G2

∂G2

∂η

∂v1

∂η

)
exp

[
−ε(1)D

τ

]

= exp

[
−ε(1)A

τ

]
exp(−v1) (11c)

χQ2m2

f2D20u20
+
(
∂2v2

∂η2
+ 1

2G2

∂G2

∂η

∂v2

∂η

)
exp

[
−ε(2)D

τ

]

= χ exp

[
−ε(2)A

τ

]
exp(−v2) (11d)

Substitution of the modeled terms (11) in Eqs. (9) and (10)
yield the equations

∆2v1 = ε(1)D grad

(
1

τ

)
· gradv1

+ κ1 exp

⌊
(ε
(1)
D −εR)
τ

⌋
v1v2 − exp

[
ε
(1)
D − ε(1)A

τ

]

×
{

exp(−v1)− β1v1 exp

[
(ε
(1)
A − ε(1)DS)

τ

]}
(12)

∆2v2 = ε(2)D grad

(
1

τ

)
· gradv2

+ κ2 exp

⌊
(ε
(2)
D −εR)
τ

⌋
v1v2χ exp

[
ε
(2)
D − ε(2)A

τ

]

×
{

exp(−v2)−β2v2 exp

[
(ε
(2)
A − ε(2)DS)

τ

]}
(13)

Further, assuming no defects at the boundaries of the
catalytic surface, we impose the constant flux boundary
conditions

∆2v1 = 0, ∆2v2 = 0 (14)

at the boundaries. We now model the heat flux vectorq as

q = −k gradT + ρHvdi

wherek is the conductivity (J/m s K),H the heat of formation
per unit mass (J/kg), andρ = m3n3 the density of the species
generated leaving the surface. Thus, taking

k∇2T = C(T − T0) (15a)

and

div(ρHvdi) = KHu1u2 (15b)

the energy equation, Eq. (5), yields a nondimensional alge-
braic equation

ωv1v2 exp

⌊−εR
τ

⌋
− (τ − 1) = 0 (16)

For brevity denoting the right-hand side terms of Eqs. (12)
and (13) byR1 andR2, we have

∆2v1 = R1

∆2v2 = R2

Using the expression for the Beltramian’s Eq. (A.7) with
∆2ζ = 0 and∆2ξ = 0, we have

g11v1ζ ζ − 2g13v1ζ ξ + g33v1ξξ = G2R1 (17a)

g11v2ζ ζ − 2g13v2ζ ξ + g33v2ξξ = G2R2 (17b)

where a variable subscript denotes a partial derivative. It
must be stated here that the Beltramian of the coordinates,
viz. ∆2ζ and∆2ξ are the coordinate control functions (for
details, refer to [10]) and they are completely user specified
functions to attain a desired distribution of coordinates in
a given surface. The coordinate generating equations [10]
with ∆2ζ = 0 and∆2ξ = 0 are given in vector form as

g11rζ ζ − 2g13rζ ξ + g33rξξ = G2(kI + kII)n (18)

wherer = (x, y, x) andkI + kII is the sum of the principal
curvatures at a point on the surface. If the equation of the
surface is given asF(x, y, x) = 0 then the sumkI + kII

can be expressed as a function ofx, y, z (refer to [10]
for details.) Thus, Eq. (18) forms a set of three coupled
simultaneous quasilinear equations for the determination
of the coordinatesr(ζ, ξ) = (x(ζ, ξ), y(ζ, ξ), z(ζ, ξ)).
For simply connected domains, only the boundary data
r(ζ0, ξ), r(ζ1, ξ), r(ζ, ξ0), r(ζ, ξ1) (whereζ0 ≤ ζ ≤ ζ1 and
ξ0 ≤ ξ ≤ ξ1) are needed, which are the Dirichlet boundary
conditions. It must be noted that one does not have to pre-
scribe the parametric valuesζ 0, ζ 1, ξ0, and ξ1, since the
solution of Eq. (18) is essentially expressed in the logical
or integer space asr(K, I).

2.2. Numerical methodology

The first step in the numerical implementation is to solve
Eq. (18) for r(K, I) when the surface has been specified.
Noting that

g11 = x2
ξ + y2

ξ + z2ξ , g13 = xξxζ + yξyζ + zξ zζ ,
g33 = x2

ζ + y2
ζ + z2ζ , G2 = g11g33 − (g13)

2

we approximate Eq. (18) by using the central difference ap-
proximation for both the first and the second partial deriva-
tives with respect toζ and ξ . Using integersK and I for
ζ andξ , respectively, the SOR method to solve the system
of equations implies that for any dependent variableΨ =
(x, y, z),

Ψ (p)(K, I) = ωΨ̂ (p)(K, I)+ (1 − ω)Ψ (p−1)(K, I) (19a)

whereω is the acceleration parameter(1< ω < 2) andp the
iteration counter. The values of̂Ψ are obtained by solving
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Fig. 1. Generated coordinate curves on the upper half of a circular cylinder.

the tridiagonal system

EΨ̂ (p)(K, I)+ BΨ̂ (p)(K + 1, I )+ AΨ (p)(K − 1, I )

= −F(K, I)− CΨ (p)(K, I − 1)

−DΨ (p−1)(K, I + 1) (19b)

where the coefficientsE, B, A, etc. depend on the values of
the dependent variables, i.e.x, y, z, as available from the
previous iteration. Figs. 1 and 2 show the coordinate linesζ

andξ on a circular cylinder of radius 1 and elliptic cylinder
of semi major and semi minor axes 2:1, respectively.

For each geometry, the values ofg11(K, I), g13(K, I),
g33(K, I) andG2(K, I), are stored in a data file. These values
are then used in solving Eq. (17) by using the same algo-
rithm. The boundary values for solving Eq. (17) are obtained
by solving the nonlinear algebraic systemR1 = 0, R2 = 0

Fig. 2. Generated coordinate curves on the upper half of an elliptic cylinder.

according to the requirement of constant flux boundary con-
ditions (Eq. (14)).

2.3. Modeling of the defect functions

The nondimensional desorption rate for chemical species
βi are dependent on the desorption coefficientsγ i which are
considered to be functions of the surface coordinates, i.e.
γ i(ζ , ξ ). The desorption defect functionsβi(ζ , ξ ) should
either be specified or modeled. Following the formulation
of [1], the desorption defect functionsβi(ζ , ξ ) have been
modeled as follows:

βi(ζ, ξ) = βi0

 n∑
j=1

Dj(ζ, ξ)


 , i = 1,2, (20)
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Table 1
Parameters defining the defect functionsDj

j ζ j ξ j σ j δj θj (◦)

1 0.7727 0.5909 0.0625 0.2650 135
2 0.4773 1.4091 0.0625 0.0156 90
3 0.9773 1.1591 0.0625 0.0880 45
4 1.4545 0.7726 0.0625 0.2500 90

whereβi0 are constants specifying the nominal desorption
intensities andn is the number of surface defects. For demon-
stration, we have takenn = 4 and selectedβ10 = 3 and
β20 = 10. Then defect functionsDj have been taken as

Dj(ζ, ξ) = 1

n
− exp


−

(
ζ 0
j

σj

)2

w(ξ0

j , aj , δj )

where

ζ 0
j = (ζ − ζj ) cosθj + (ξ − ξj ) sinθj (21)

ξ0
j = −(ζ − ζj ) sinθj + (ξ − ξj ) cosθj

ω(ζ 0
j , σj , δj )=exp

⌊
−
{
(ζ 0
j −δj )/σj

}2
⌋

; ζ 0
j ≥δj

=1; −δj<ζ 0
j < δj

= exp

⌊
−
{
(ζ 0
j + δj )/σj

}2
⌋

; ζ 0
j ≤ −δj

Each surface defect is modeled for maximum trapping at
the core where the center of the “line defect” is at the point
(ζ j , ξj ) and its orientation with respect to theζ -coordinate
line is given by the angleθj . Each defect is prescribed by a
width and a length parameterσ j andδj , respectively. The
values of the parametersσ j , δj , andθj used in the modeling
are given in Table 1.

Based on the preceding modeling the defect functions
β1(ζ , ξ ) and β2(ζ , ξ ) used on all surfaces are shown in
Figs. 3 and 4. It must be mentioned here that the parameteric
values ofζ andξ appearing in Eq. (20) have been taken as

ζ = 2
(K − 1)

(Kmax − 1)
, ξ = 2

(I − 1)

(Lmax − 1)

where

1 ≤ K≤Kmax,1 ≤ I ≤ Lmax, andKmax= 45, LMAX = 45.

3. Discussion of numerical results

To understand the effect of surface curvature on the
steady-state chemical concentrations produced on surfaces
with low surface coverages, we have solved the nondimen-
sional Eqs. (12) and (13) on flat, circular, and elliptical
surfaces. In all cases, the surfaces were subjected to the
same heterogenous chemical environment. The desorptive
properties of each surface was modeled as discussed in

Fig. 3. Distribution of the desorption defect functionβ1 (refer to Section
2.3).

Section 2.3 so that in each case the same distribution of ran-
dom defects as function of the generated coordinates was
used. For simplicity, the temperature dependent effects were
neglected and an isotropic reaction rate constant was cho-
sen. Further, the diffusion and adsorption coefficients were
taken as constants. Thus, the following data was chosen to

Fig. 4. Distribution of the desorption defect function�2 (refer to Section
2.3).
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calculate the concentration functionsv1 andv2 on all sur-
faces.

τ = 1, εR = 0, ε
(i)
D = ε(i)DS = 0

β10 = 3.0, β20 = 10.0, κ1 = κ2 = 2000

χ = 10.0, H = 0,
γ2

γ1
= 100

3
,

D20

D10
= 1

s2

s1
= 10u20

u10

Fig. 5. Concentration profiles ofv1 for various surfaces (refer to data in Section 4).

Figs. 5–7 illustrate the results obtained for the concentra-
tions v1, v2 andk2v1v2. A comparative summary ofv1, v2,
andk2v1v2 for various surfaces is given in Tables 2–4. The
tables provide the change of the maximum and minimum
values as compared to the flat surface as a reference sur-
face of curvature∞. From Tables 2–4, we conclude that the
maximum concentrationv2 increases by about 8% and the
minimum concentrationv1 decreases by about 7.2% for the
cylindrical surfaces in comparison to the flat surface.

The general theory of chemical reactor analysis and
design of heterogeneous catalytic systems relies on the
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Fig. 6. Concentration profiles ofv2 for various surfaces (refer to data in Section 4).

catalyst effectiveness factorϕ. In this regard, see Paterson
and Creswell [12], and Ramachandran et al. [13].

φ = actual reaction rate

rate as predicted by intrinsic kinetics

In practice, knowledge ofϕ at every point of a reactor
is vital to its analysis and design because most chemical

reactors do not operate where the intrinsic kinetics are appli-
cable. Theϕ approach satisfies the need for estimating the
actual reaction rates given the intrinsic kinetics and operat-
ing conditions within the reactor. Many chemical reactors
use packed beds of catalyst particles, hence, theϕ factor is
also used to define the net chemical activity of a catalyst par-
ticle. From Tables 2–4, we see that a catalyst surface with
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Fig. 7. Concentration profiles ofk2v1v2 for various surfaces (refer to data in Section 4).

Table 2
Maximum and minimum concentration values ofv1 and their location on the surfacea

Surface Maximum Minimum (v1)max − (v1)min

ζ or K ξ or I v1 ζ or K ξ or I v1 >v1

Flat 1 1 0.00592895 14 18 0.00430282 0.00162613
Elliptical 41 42 0.00592917 15 17 0.00413956 0.00178960
Circular 4 3 0.00592950 13 14 0.00399391 0.00193559

a κ1 = κ1 = 2000.0, β10 = 3.0, β20 = 10.0, χ = 10.0, τ = 1.
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Table 3
Maximum and minimum concentration values ofv2 and their location on the surfacea

Surface Maximum Minimum (v2)max − (v2)min

ζ or K ξ or I v2 ζ or K ξ or I v2 >v2

Flat 18 33 0.1286840 1 1 0.08233350 0.0463505
Elliptical 14 18 0.1341670 43 39 0.08233320 0.0518338
Circular 14 18 0.1390320 2 4 0.08233280 0.0566992

a κ1 = κ2 = 2000.0, β10 = 3.0, β20 = 10.0, χ = 10.0, τ = 1.

Table 4
Maximum and minimum concentration values ofk2v1v2 and their location on the surfacea

Surface Maximum Minimum (κ2v1v2)max − (κ2v1v2)min

ζ or K ξ or I κ2v1v2 ζ or K ξ or I κ2v1v2 >(κ2v1v2)

Flat 27 23 1.117560 19 21 0.9498360 0.167724
Elliptical 27 23 1.122250 16 18 0.9469120 0.175838
Circular 27 23 1.123290 15 28 0.9449950 0.178295

a κ1 = κ2 = 2000.0, β10 = 3.0, β20 = 10.0, χ = 10.0, τ = 1.

finite curvature versus a flat surface has an enhanced chem-
ical activity contribution component due solely to the pres-
ence of surface curvature. If the surface curvature contribu-
tions to the catalyst surface activity is small when compared
to the contribution of the surface irregularities, we can say
with confidence that the contribution of surface curvature to
the evaluation ofϕ can be neglected.

4. Conclusions

This paper describes the steady-state chemical perfor-
mance of curved catalytic surfaces which are exposed to two
species. The two main achievements of this paper are: (i)
surfaces of arbitrary shapes can be considered. This aspect
is important both from practical and theoretical view points.
The coordinates in the generally curved surfaces are first
generated numerically, and then the transformed conserva-
tion equations are solved using the generated coordinates. It
must be emphasized here that even in the two curved surfaces
considered in this paper, viz., circular and elliptical cylin-
ders, rather than using the polar or elliptic coordinates, the
coordinates were generated numerically as shown in Figs. 1
and 2; (ii) it has been found that for a given set of defects
the species concentrations on a curved surface are enhanced
over its flat surface counterpart. With the normalized species
concentrations for the different surfaces being of the same
order of magnitude, all the digits are significant from the
point of view that the evidence of the surface curvature af-
fecting the catalytic activity is noted in the thousandths or
smaller decimal place value.
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Appendix A. Laplacian in E3 and its evaluation
on a surface

Let xi be a general coordinate systems. Referring to Warsi
[14], the Laplacian of a functionϕ in terms of the coordinates
xi is given as

∇2ϕ = gij
(
∂2ϕ

∂xi∂xj
− Γ rij

∂ϕ

∂xr

)
(A.1)

where repeated indices imply summation from 1 to 3. Writ-
ing x1 = ξ, x2 = η, x3 = ζ and denoting the partial deriva-
tives by variable subscripts, we have

g∇2ϕ = G1ϕξξ +G2ϕηη +G3ϕζζ + 2G4ϕξη + 2G5ϕξζ

+ 2G6ϕηζ −G1(Γ
1
11ϕξ + Γ 2

11ϕη + Γ 3
11ϕζ )

−G2(Γ
1
22ϕξ + Γ 2

22ϕη + Γ 3
22ϕζ )

−G3(Γ
1
33ϕξ + Γ 2

33ϕη + Γ 3
33ϕζ )

− 2G4(Γ
1
12ϕξ + Γ 2

12ϕη + Γ 3
12ϕζ )

− 2G5(Γ
1
13ϕξ + Γ 2

13ϕη + Γ 3
13ϕζ )

− 2G6(Γ
1
23ϕξ + Γ 2

23ϕη + Γ 3
23ϕζ ) (A.2)

whereΓ ijk are the Christoffel symbols of the second kind and
are available in fully expanded form in [14]. Further,gij are
the covariant metric coefficients,g = det(gij) and

G1 = g22g33 − (g23)
2, G2 = g11g33 − (g13)

2,

G3 = g11g22 − (g12)
2, G4 = g13g23 − g12g33,

G5 = g12g23 − g13g22, G6 = g12g13 − g23g11

g = g33G3 + g13G5 + g23G6 (A.3)
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Consider a surfaceS embedded inE3 and defined byη =
η0 = const., on which the current coordinates areζ andξ .
Thus, the functionϕ at S is a function ofζ and ξ but, in
general, the derivative ofϕ with respect toη at η = η0 are
not zero. Without any loss of generality we takeζ and ξ
as a general coordinate system in the surface andη as the
transverse straight normal to the surface. Thus,g12 = g23 =
0 andg22 = 1. With this choice of coordinates

G1 = g33, G2 = g11g33 − (g13)
2, G3 = g11,

G4 = 0, G5 = −g13, G6 = 0,

g = g11g33 − (g13)
2 (A.4)

Thus, Eq. (A.2) evaluated atη = η0 gives

∇2ϕ

∣∣∣
η=η0

= ∆2ϕ + ϕη
∣∣
η=η0

+ 1

2G2

∂G2

∂η
ϕη

∣∣∣∣
η=η0

(A.5)

where∆2ϕ is the Beltramian ofϕ and∆2 is a surface op-
erator defined as

∆2 = gαβ
(

∂2

∂xα∂xβ
− Y δαβ

∂

∂xδ

)
(A.6)

where the Greek indices assume values 1 and 3, with re-
peated indices implying summation, andY δαβ are the surface
Christoffel symbols, cf. Warsi [10,14]. Operating Eq. (A.6)

on ϕ, we have

∆2ϕ = 1

G2
(g11ϕζζ − 2g13ϕξζ + g33ϕξξ )

+(∆2ζ )ϕζ + (∆2ξ)ϕξ (A.7)
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